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Abstract 

In this paper, we show how to construct an nn ×  doubly stochastic matrix,  

,4≥n  with spectrum { }1
1,,1

1,1
−

−
−

− nn L  and with prescribed elementary 

divisors of the form .2,1
1 ≥







−
+λ kn

k
 This construction gives an answer to a 

question stated by Minc in [3]. 

1. Introduction 

Let nnA ×∈ C  and let 
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be the Jordan canonical form of A (hereafter JCF of A). The ii nn ×  sub-

matrices 

( ) kiJ

i

i
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ini ,,2,1,
1
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K
O

O
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are called the Jordan blocks of ( ).AJ  Then, the elementary divisors of A 

are the polynomials ( ) ,in
iλ−λ  that is, the characteristic polynomials of 

( ) .,,1, kiJ ini K=λ  

A matrix ( )n jiijaA 1, ==  is called quasi-stochastic, if all its row sums 

are 1 and it is called doubly quasi-stochastic, if all its row sums and 
column sums are 1. It is clear that any quasi-stochastic (doubly quasi-

stochastic) matrix has the eigenvector ( )T1,,1,1 K=e  corresponding to 

the eigenvalue 1. Denote by ke  the vector with one in the k-th position 

and zeros elsewhere. A nonnegative quasi-stochastic matrix is called 
stochastic, while a nonnegative doubly quasi-stochastic matrix is called 
doubly stochastic. In other words, a nonnegative matrix A is stochastic, if 
and only if ,ee =A  and it is doubly stochastic, if and only if AJAJ nn =  

,nJ=  where nJ  is the nn ×  matrix, whose entries are all .1
n  We shall 

denote by ijE  the nn ×  matrix with 1 in the ( )ji,  position and 0’s 

elsewhere and by ( )Xrank  the rank of the matrix X. 

In [1, Theorem 2.8], the authors show that if { }nλλ=Λ ,,,1 2 K  is a 

list of real numbers satisfying certain conditions, then there exists a 
positive doubly stochastic symmetric matrix with spectrum Λ  and with 
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arbitrarily prescribed elementary divisors. It is also proved in [1] that 
Theorem 2.8 contains Theorem 2 in [2] and that { } ,,,,,1 R∈ααα=Λ K  

is the spectrum of an nn ×  positive symmetric doubly stochastic matrix, 

if and only if .11
1 <α<
−

− n  

In [2], Minc sets the question: Given a doubly stochastic matrix A, 
does there exist doubly stochastic matrices with the same spectrum as A 
and any legitimately prescribed elementary divisors ? (that is, its product 
has to be equal to the characteristic polynomial of A and they cannot 

include ( )k1−λ  with 1>k ). Although Minc gives a positive answer to this 

question when A is a positive diagonalizable doubly stochastic matrix, he 
also shows that, in general, the answer is negative [2, Theorem 3]: The 
matrix 
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2
1  

has eigenvalues ,2
1,2

1,1 −−  but no 33 ×  doubly stochastic matrix has 

elementary divisors 1−λ  and .2
1 2





 +λ  Minc also shows that this result 

does not extend to :4=n  The doubly stochastic matrix 
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has eigenvalues 3
1,3

1,3
1,1 −−−  and elementary divisors ,1−λ  

,3
1 2





 +λ  and .3

1+λ  Minc says that it is not known what the answer is 

for larger n. In this paper, we partially answer the question for .4≥n  In 
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particular, we show how to construct an nn ×  doubly stochastic matrix 

with spectrum { }1
1,,1

1,1
−

−
−

− nn L  and elementary divisors of the 

form .2,1
1 ≥







−
+λ kn

k
 Our results are constructive, in the sense that 

we can always construct the corresponding doubly stochastic matrix. 
Examples are given to illustrate this construction. 

2. Main Results 

We shall need the following lemmas given in [2] and [3]: 

Lemma 2.1 [2]. Let A be an nn ×  doubly quasi-stochastic matrix 
with elementary divisors 

( ) ( ) ( ) ,1,,,,1 22 2 −=++λ−λλ−λ−λ nnn k
n

k
n k LK  

and let .0, ≠θ∈θ C  Then ( ) AJn θ+θ−1  is a doubly quasi-stochastic 

matrix with elementary divisors 

( ) ( ) ( ) .1,,,,1 22 2 −=++θλ−λθλ−λ−λ nnn k
n

k
n k LK  

Lemma 2.2 [3]. Let ( )Tnqq ,,1 K=q  be an arbitrary n-dimensional 

vector and A be a matrix with constant row sums equal to 1λ  and JCF 
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Let .,,2,11 niq ii
n
i K=λ≠+λ ∑ =

 Then, the matrix TA eq+  has JCF  

( ) ( ) .111 EqAJ i
n
i∑ =

+  In particular, if ,01 =∑ = i
n
i q  then A and TA eq+  

are similar. 

We also need the following lemma: 
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Lemma 2.3. Let .2≥k  Then, the kk ×  matrix 
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 (1) 

has ( ) .1rank −= kF  

Proof. Let ( )Tkk 1
1,,1

1,1
−

−
−

−= Kq  and ( )T1,,1 K=e  be 

vectors in .kR  Then 0=qeT  and the matrix 
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kF Teq  

has eigenvalues 1,,1,0
−

−
−

− k
k

k
k

K  and ( ) .1rank −=+ kF Teq  Since 

( ) ,10 =am  then from Lemma 2.2, F and TF eq+  are similar. Hence, 

( ) ( ) .1rankrank −=+= kFF Teq  ■ 

The following result allow us to construct doubly stochastic matrices 
having ( )1−k  quadratic elementary divisors. 

Theorem 2.1. Let .42,, ≥≥∈ + knkn Z  Then, there exists an nn ×  

doubly stochastic matrix A with spectrum { },1
1,,1

1,1
−

−
−

−=Λ nn K  

and with elementary divisors 

( )

( ) ( )
444444 3444444 21
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timeskntimesk
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Proof. Let F be the kk ×  matrix in (1) and let the nn ×  matrix 

.

1

1
1



















=

F

B
O

 

It is clear that B is doubly quasi-stochastic, with all its eigenvalues 

equal to 1. Since ,2kn ≥  then ( ) ,,3,2,0 K==− mIB m  and 

( ) ( ) ,1rankrank1 −==−= kFIBr  

( ) .,3,2,0rank K==−= mIBr m
m  

Thus, the number of Jordan blocks of B of sizes 1, 2, and 3, corresponding 
to the eigenvalue 1, is respectively, 

( ),122 21021 −−=+−=− knrrrdd  

,12 32132 −=+−=− krrrdd  

.043 =− dd  

Then, 

( ) ( )
( )

( ) ( )
( )

444 3444 21
K

4444 34444 21
K

times-12times-1

22 1,,1,1,,1
−−−

−λ−λ−λ−λ
knk

 

are the elementary divisors of the doubly quasi-stochastic matrix B. From 

Lemma 2.1 with ,1
1
−

−=θ n  and since BnJn −  is nonnegative, 

( ),1
1 BnJnA n −
−

=  

is doubly stochastic with spectrum ,Λ  and with the desired elementary 
divisors.  ■ 

Lemma 2.4. Let +∈ Zk  with .2≥k  Then, 

( ) ( ) ( ),1,,1,1
-

444 3444 21
K

timesk

k −λ−λ−λ   (2) 
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are the elementary divisors of the kk 22 ×  doubly quasi-stochastic matrix 

.
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1
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111

111
1

1

2



































−
−

−
−

−
−

=

O

O

kA  (3) 

Proof. Since ( ) 02 =− m
k IA  for ,,1, K+= kkm  and 

   ( ) ,1,,1,rank 2 −=−=−= kiikIAr i
ki K  

( ) ,,1,,0rank 2 K+==−= kkmIAr m
km  

then the number of Jordan blocks of size 1 and k, corresponding to the 
eigenvalue 1, is respectively, 

 21021 2 rrrdd +−=−  

( ) ( )2122 −+−−= kkk  

,k=  

and 

111 2 +−+ +−=− kkkkk rrrdd  

( ) ( ) 0021 +−−−= kk  

.1=  

Thus, the result follows. ■ 

Theorem 2.2. Let .42,, ≥≥∈ + knkn Z  Then, there exists an nn ×  

doubly stochastic matrix A, with eigenvalues ,1
1,,1

1,1
−

−
−

− nn K  and 

with elementary divisors 
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( ) .1
1,,1

1,1
1,1 
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+λ
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−
+λ−λ nnn

k
K  

Proof. Let kA2  be the matrix in (3). Then, the nn ×  matrix 

,
2

2





=
− kn

k
I

A
B  

is doubly quasi-stochastic with all its eigenvalues equal to 1. From 
Lemma 2.4, B has elementary divisors 

( ) ( ) ( )
( )

.1,,1,1
times-

444 3444 21
K

kn

k

−

−λ−λ−λ  

Then, from Lemma 2.1, and since BnJn −  is nonnegative, 

( ),1
1 BnJnA n −
−

=  

is doubly stochastic with spectrum Λ  and with the desired elementary 
divisors. ■ 

Theorem 2.3. Let ( ) .21,2,, −+≥≥∈ + kknkkn Z  Then, there 

exists an nn ×  doubly stochastic matrix A with eigenvalues ,1
1,1
−

− n  

,1
1,
−

− nK  and with elementary divisors 

( )
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444444 3444444 21

K

timeskkn
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−
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Proof. Let ,,,3,2,2 kiA i K=  be the ii 22 ×  matrix in (3) and let the 

nn ×  matrix 
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From Lemma 2.4, the matrix B has elementary divisors 

( ) ( )
( )

( ) ( ) ( ) ( ) .1,,1,1,1,1,,1 432

veces12
1

k

kkn

−λ−λ−λ−λ−λ−λ







 ++−

K
444 3444 21

K  

Then, from Lemma 2.1, and since BnJn −  is nonnegative, 

( ),1
1 BnJnA n −
−

=  

is doubly stochastic with spectrum Λ  and with the desired elementary 
divisors.  

3. Examples 

Example 3.1. From Theorem 2.1, 
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is doubly quasi-stochastic and 
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is doubly stochastic with elementary divisors 

( ) .5
1,5

1,5
1,1

22





 +λ





 +λ





 +λ−λ  

Example 3.2. From Theorem 2.3, 
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9
1A  

has elementary divisors 
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1,,9

1,1
1,1

1,1
23






 +λ





 +λ







−
+λ







−
+λ−λ Knn  

References 
 [1] J. Ccapa and R. L. Soto, On spectra perturbation and elementary divisors of positive 

matrices, Electron. J. Linear Algebra 18 (2009), 462-481. 

 [2] H. Minc, Inverse elementary divisor problem for doubly stochastic matrices, Linear 
Multilinear Algebra 11 (1982), 121-131. 

 [3] R. L. Soto and J. Ccapa, Nonnegative matrices with prescribed elementary divisors, 
Electron. J. Linear Algebra 17 (2008), 287-303. 

g 


